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1. Introduction 

In this paper we study the syzygies of canonical curves C C ps'^^ for g = 2k. 



In |]GL84 | Green and Lazarsfeld construct low-rank-syzygies of C from spe- 



cial hnear systems on C. More precisely linear systems of Chfford index 
c give a {g — c — 3)-rd syzygy. We call these syzygies geometric syzygies. 
Green's conjecture |Gre84a ] paraphrased in this way is 



1.1. Conjecture (Green). Let C be a canonical curve, then 

C has no geometric p-th syzygies <^=^=- C has no p-th syzygies at all 
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This conjecture as received a lot of attention in the last years and it is now 
known in many cases pet23||, |Gre84a| ], fSchSej , jSchS^ ], [[Voisl , jSAgij , 
| Ehb94|] , pR98|] , [[Teigj , ||VoiOl|| . 

Much less is know about the following natural generalization of Green's 
conjecture: 

1.2. Conjecture (Geometric Syzygy Conjecture). Let C be a canonical 
curve, then the scheme of geometric p-th syzygies spans the space of all 
p-th syzygies. 

For general canonical curves both conjectures are equivalent in the range 
p > since a general canonical curve has no linear systems of Clifford 
index c < 

The case p = (geometric quadrics) of the geometric syzygy conjecture 
was proved by |AM67] for general canonical curves, and by |Gre84b| for all 
canonical curves. The case p = 1 was done for general canonical curves of 



genus 5 > 9 in |vBOO|. 



In this paper, based on Voisin's recent result |Voi01|, we clarify the cases 
with g = 2k and p = k — 2 for canonical curves lying on general K3 surfaces. 
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• Green's Conj. =^ CSC 
- known by [lAM67i , [pre84b|1 , |vBO0|| 



□ known by [vBROl] 
° unknown 
■ this article 
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Figure 1. The geometric syzygy conjecture for general curves. 



We proceed as follows: 

By a construction of Mukai |Muk89] a general -fC3-surface S of sectional 
genus g = 2k can be embedded in a Grassmannian G = Gr{k + 2, 2), such 
that 

5 c G n 

for a particular G. We reconstruct this embedding from a (k — 2)-nd 
Grassmannian syzygy of S. 

The minimal free resolution of G is known by work of Jozefiak, Pragacz and 
Weyman ]JPW81|]. It has the form: 



GEOMETRIC SYZYGIES OF CANONICAL CURVES 



3 





k-1 
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using the MACAULAY-notation |GS|. The minimal free resolution of the 
K3 surface is also known by a recent result of Voisin [VoiOl]: 



k-1 



Our main observation is that both resolutions have a linear strand of the 
same length and that the dimensions of the last nonzero linear syzygy spaces 
(*) are equal. 

Using Voisin's theorem we show that the natural map between the two spaces 
is an isomorphism even though the intersection G n is not of expected 
dimension. It turns out to be enough, that S is irreducible. 

We go on to describe the space of minimal rank syzygies Ymin of G and S 
as a (/c — 2)-uple embedded P^"*"-^. 

Cutting down one more dimension to a canonical curve C C Pf ~^ we obtain 
a finite number of lines of geometric syzygies in p'^+^ whose image under 
the {k — 2)-uple embedding spans the space of all {k — 2)-nd syzygies of C. 

As a main tool of our work we associate two geometric objects to a syzygy 
s: 

(1) The space of linear forms Lg involved in s. This space and its associated 
vector bundle of linear forms allows us to control the rank of s after 
we have cut down to S or C. 

(2) The syzygy scheme Syz(s) of s which is in a certain sense the vanishing 
locus of s. It is used to prove that certain syzygies do survive the 
restriction to the linear subspaces P^ and P^~^. 

Several of our arguments also appear in Voisin's proof of her theorem, but 
with different aims. Most notably she also shows that P^ H G* = and 
that the above rational normal curves span the space of the {k — 2)uple 
embedding. As far as we know our corollary |9.3| is new. 

I would to thank Frank-Olaf Schreyer for introducing me to this subject and 
for the many helpful discussions leading to this paper. Also I am grateful 
to Thomas Eckl, for the numerous discussions which clarified many details 
of this work. 
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2. Syzygies of Low Rank 



Let X C P" = ¥{V) be a irreducible non degenerate variety, Ix generated 
by quadrics and 

Ix^Vo^ 0{-2) <^Vi0 0{-3) ^...^Vm(^ 0{-m - 2) 
the linear strand of its minimal free resolution 

2.1. Definition. An clement s € is called a p-th (linear) syzygy of X. 
P(V^*) is called the space of p-th syzygies. 

Every linear syzygy s involves a well defined number of linearly independent 
linear forms. This number is called the rank of s. In a more formal way we 
have: 

2.2. Definition. Let s € be a syzygy, 

Lp: Vp ^ Vp-i (g) V 

the map of vector spaces induced by ipp. Then the image of s under (f can 
be interpreted as a linear map: 

^(s) G Vp.i ® F ^ Hom(y;_i, V). 

With this 

Ls := Im(^(s) C V 
is called the space of linear forms involved in s, and 

ranks := rank(^(s) = dimL^ 

the rank of s. 

To apply geometric methods to the study of low rank syzygies we projectivize 

the space of p-th syzygies to P(V^*) and give a determinantal description of 
the space Ymin of minimal rank syzygies. The linear forms involved in these 
syzygies define a vector bundle on Ymin- 

2.3. Definition. On the space of p-th syzygies ¥(y*) the map of vector 
spaces ipp induces a map of vector bundles 

that satisfies 

V^l, = ^p(s) eHom(y;_i,y) 

The determinantal loci Yr{ip) C ¥{V*) of ip are called schemes of rank r 
syzygies, since the syzygies in their support have rank < r. 

On the scheme of minimal rank syzygies Ymin '■= ^min('^^) restricted 
map '^{Yriiin has constant rank T^yiiyi, Therefore the image C := Im(^|Y^.^) 
is a vector bundle. We call it the vector bundle of linear forms, since 

C\s = LsCV 

for all minimal rank syzygies s G Ymin- 
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A second geometric object associated to a syzygy s is obtained by calculating 
Vp via Koszul cohomology: 

3.1. Lemma. 

Vp ^ ker{APV ® {Ix)2 ^ A^^V ® (/x)3) = H'^{F{V),nP{p + 2) ® Ix) 
Proof. [|Gre84a|| , [|Ehb94|| □ 



So linear syzygies are twisted forms that vanish on X. Often these p- forms 
vanish on a larger variety: 

3.2. Definition. Let s G Vp he a p-th syzygy of X. Then the vanishing set 
Syz(s) of the corresponding twisted p-form is called the syzygy scheme of s. 

The ideal of a syzygy scheme can be calculated via: 

3.3. Lemma and Definition. Let {va} be a basis of A^V . Then every 
syzygy s G Vp can be uniquely written as 



S = y^^Va^ Qc 



where Qa are quadrics in the ideal of X, and the ideal o/Syz(s) is generated 
by the Qa- This ideal is also called the ideal of quadrics involved in s. 

Proof. Since Vq = ker(APy (g) {Ix)2 X^^^V ® {Ix)3) every syzygy can be 
written as above. Since the Va are linearly independent, s = J2a "^a Qa 
vanishes if and only if all Qa vanish. □ 

Often the syzygies of low rank have the most interesting syzygy varieties. 
Some of them can be calculated with the methods of the next section. 

4. Generic Syzygy Schemes 

We now consider syzygies s of low rank r and their syzygy schemes. At 
it turns out, these syzygy schemes are always cones over linear sections of 
certain generic syzygy schemes: 

4.1. Definition. Let L be an r-dimensional vector space. Then 

GensyZp(L) = {(/*, a*) G L* A^-^-^L* | T A a* = 0} C P(L A^-^-^L) 
is called the p-th generic syzygy scheme of L. 



This definition goes back to Eusen and Schreyer | Eus94 ] . We will now recall 
some well known facts about generic syzygy schemes. 

First of all, the ideal of a generic syzygy variety can be easily calculated: 
4.2. Proposition. GensyZp(L) is cut out by the quadrics in the image of 
X-PL ^L® X-P-^L ^ S2{L e A'^^P-^L). 
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Proof. Consider the natural map 

l*^a* ^ I* A a* 

Notice that {I*, a*) is in GensyZp(L) if and only if (/* (g) a*) is in the kernel 
of ip. Now ker ip is cut out by the linear forms in the image of the dual map 



if* : A'-PL ^ L A^-P-^L 

On P(L © A^~P~^L) these linear forms become quadrics that cut out 
GensyZp(L). □ 

We now identify an up to a constant canonically defined p-th. syzygy Sgen of 
GensyZp(L) with L^^^^ = L: 

4.3. Proposition and Definition. Let L be an r- dimensional vector 
space, and Sgen G A''L an orientation. Then Sgen is a natural p-th syzygy of 
GensyZp(L) via the inclusion 

A^'L ^ APL O (L A^'-P-^L). 

Furthermore 

Syz(sgen) = GensyZp(L). 
We call Sgen 0, generic p-th syzygy. 

Proof. First we show, that Sgen is really a p-th syzygy of GensyZp(L). For 
this we have the following maps 



s'G 

AP ® A'-PL 



AP+^L ® A'^-P-^L 



APL ®{L® A'-P^^L) 



APV®S2{V) 



AP-^ ® {S2{L) A'-P 



AP-^V ® S^iiV) 



Mapping s via 1 to s' and then via 3 to Sgen shows 

Sgen G A^L (g) (/GensyZp(L) )2 

since 

(/Gensyz,(L))2 = l^A'-^L ^ L ® A'~P-^L) 

by proposition [4.2|. 
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Mapping s via 2 and 4 to Sgen shows that Sgen is in the kernel of 5 since 
the middle row of the above diagram is a complex. Now 5, which is the 
restriction of 6, restricts further to 

(p: hPL ® (/GensyZp{L))2 ^ A^L ® (/GensyZp(L) )3 

and Sgen is consequently also in the kernel of ip. This proves that Sgen is a 
p-th syzygy of GensyZp(L). 

For Syz(sgen) = GensyZp(L) notice that s' is a trace element 

with {wa} a basis of A^^^L and (A^'^^L)* = A^L via the orientation s. Now 
since {wq.} is a basis of A''~^L, the quadrics involved in image Sgen of s' 
form a basis of 

Im(A'-?'L ^ L A'-'P-lL) = (/Gensyz,(L))2. 

This proves Syz(sgen) = GensyZp(L). □ 

We are now ready to stated the main result of this section: 

4.4. Theorem. Let X C ¥{V) be a non degenerate, possibly reducible va- 
riety, Ix generated by quadrics and s G Vp a p-th syzygy of X. If we denote 
the space of linear forms involved in s by Ls, then there exists a linear map 

vr* : L, e X'-P-^Ls ^ V 

and a generic p-th syzygy Sgen o/ GensyZp(Ls) such that 

S = 7T*{Sgen) 

More geometrically consider the linear projection 

tt: F{V) P*" C ¥{L,(BX'-p-'^Ls) 
corresponding to tt*. Then 

Syz(s) = ^-i(P" n GensyZp(L,)). 

Proof. To construct tt* we have to make the isomorphism 
Vj, ^ ker(APy {Ix)2 ^ A^-^ (Ixh) 



from lemma 3.1 more explicit. 
Let 

(*) Op^v) ^Vo^ Oi-2) ^...^Vp-i(^ 0{-p -l)<^Vp® Oi-p - 2) 

be the linear strand of the minimal free resolution of X. As in definition |2.2| 
9? induces a map 

^:Vp^Vp^i®V^ Hom(y;_i, V) 

by taking global sections. (p{s) is a map from V*_i to V with image Ls- 

s and (f{s) induce a map between the dual of (*) and the Koszul-complex 
associated to 
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^ o{p + 1) — ^ f;_2 ® o{p + 2) 

-^L,0 0{p + 1) ^ 0{p + 2) 

All liftings of ip{s) except a are of degree 0. Since the Koszul-complex is a 
minimal free resolution, all these liftings are uniquely determined. Conse- 
quently a is also uniquely determined. 

(T is a section in 

i^°(AfL, 0(2)) = A^L, S2{V) 

and since it factors over Vq (8) 0{2) all quadrics involved in a are in {Ix)2- 
On the other hand a factors over AP+^Ls ® 0(1) and therefore 

a £ ker(APL, ® (/x)2 ^ A^-^L, ^ (/x)3) C ker(APF ^ (/x)2 ^ A^-V ® (/x)3). 
This defines a map 

^ ker(AfF ® (/x)2 ^ A^"V ® {Ix)3)- 
For the inverse map wc take 

a € ker(Afy ® (/x)2 ^ A^-V ® (/xjs) 

and dualize to 

O ^ Fo ® ©(-2) 

Now cj* lifts to a map of complexes from the Koszul complex associated to 
L* to the linear strand of X. The last map 

A°L* (g) C)(-^? - 2) ^ Fp 0{-p - 2) 

produces a unique p-th syzygy. 

Our projection tt is now constructed from the section a above. We have 

a e H°{AP+^L, ® 0(1)) ^ AP+'^Ls Hom(A?'+iL*, V) Hom(A'-*'-iL, F) 

where the last isomorphism is obtained by choosing an orientation a' € A^Lg- 
Together with the inclusion 

l: L,^V 

we can define 

TT* = t © a G Hom(L5 © A'-P'^Ls, V). 
We denote the induced map on quadrics by the same letter 

TT* G Hom(L5 ® A'-P-^Ls, S2{V)). 
With this we have a commutative diagram 



AP+^L 
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id (^a 



cr'g 



KPLs ® {Ix)2 

id ®iT 



APLs®{Ls®h'-P-^) 



where a' maps via a" and a to cr by the construction of a. Mapping a' 
the other way yields a generic p-th syzygy a gen of GensyZp(L5) by proposi- 
tion/definition [4.3| . The commutativity of the diagram shows 

{id ® vr*)(crgen) = O" 

Since a = s via the natural isomorphism described above, this proves the 
theorem. □ 

4.5. Corollary. With the notations above, ^ GensyZp(L). 

Proof. Let s / be a syzygy, and 

tt: F(y) —4 P" 
the corresponding linear projection. 

Suppose P" is contained in GensyZp(L). Then by the above theorem we 
have 

Syz(s) = ^-^(P" n GensyZp(L)) = vr-^P" = ¥{V) 

Consequently all quadrics involved in s must vanish on P(l^), which is not 
possible for s 7^ 0. □ 



5. p-TH Syzygies of Rank p+1 

The lowest possible rank of a p-ih. linear syzygy \s p + 1. As it will turn out, 
only reducible varieties can have such a syzygy. To prove this we need: 

5.1. Proposition. Let L he a {p + 1)- dimensional vector space. Then 



Gensyz (L) ^ P^ U : 



C 



Proof. We have r — p — 1 = 0, so 

GensyZp(L) C P(L A°L) ^ PP+^ 

Let {li, . . . , Zp+i} be a basis of L and oq a generator of JS^L. The ideal of 
GensyZp(L) is generated by the the image of 

A^L ^ L(^K^L S2{L®M^L) 
h ^ h® clq i-^ li - ao 
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and consequently 

GensyZp{L)=V{hao,...,lp+iao) = Vih,--- , /p+i) U F(ao) = P° U C PP+^ 

□ 

5.2. Corollary. Let X C ¥{V) be a non degenerate scheme, Ix generated 
by quadrics and s ^ Vp a p-th syzygy of rank p + 1. Then X is reducible 

Proof. Let L = Lg he the space of linear forms involved in s. By theorem 
4.4 there exists a linear projection 

TT : F{V) --4 P" C P(L © A°L) 

such that 

tt{X) C 7r(Syz(s)) C P" fl GensyZp(L) = P" n (P^ U P°) 

Since P" ^ P*' by corollary ^!5| and P^ is a hypersurface in PP+i we have 

Pi pP _ pn-l 

Now X is non degenerate in ¥{V) so vr(X) is non degenerate in P". Therefore 

tt{X) 5^ P" n PP = P""^ and tt{X) P" n P°. 
Consequently X has to be reducible. □ 

5.3. Definition, p-th. syzygies of rank p + 1 are called reducible syzygies. 

6. p-TH Syzygies of Rank p + 2 

If X is a non degenerate irreducible variety, the lowest possible rank of a 
p-th syzygy is p + 2. As noted by Green and Lazarsfeld these syzygies are 
closely connected to linear systems on X. We will recall the corresponding 
facts in this section. 

Lets start by calculating the relevant generic syzygy variety: 

6.1. Proposition. Let L be a {p + 2)-dimensional vector space. Then 

GensyZp(L) ^ P^ x P?'+^ C f"^^^^ 
where the inclusion is the Segre- embedding. 

Proof, r — p — 1 = 1. Therefore 

GensyZp(L) C P(L A^L) ^ F^p+^ 



Let {Zj} be a basis of L and {aj} a basis of A^L. By proposition 4.2 
GensyZp(L) is cut out by the image of 

A^L ^ L^A^L 52(L©AiL) 
li A Ij I— > li (E> CLj — Ij 1-^ littj — IjOi. 

Notice that this image is also generated by the 2 x 2-minors of 

\ai . . . 

Now these are the equations of the Segre embedded P^ x W^^^. This proves 
the proposition. □ 
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6.2. Corollary. Let X C ViV) he a non degenerate irreducible variety, Ix 
generated by quadrics and s (z Vp a p-th syzygy of rank p + 2. Then X is 
contained in a scroll § of degree p + 2 and codimension p + 1. 

Proof. Let L = Lg he the space of linear forms involved in s. By theorem 



4.4 there exists a linear projection 

vr: F{V) C P(L A^L) 

such that 

tt{X) C ^(Syz(s)) C P" n GensyZp(L) = P" n (P^ x P^+i) 

Since x pp+i has codimension p + 1 and degree p + 2 in P(L © A^L) we 
only have to prove that this intersection is of expected codimension. By 



Eisenbud |Eis95, Ex. A2.19] this is the case if the matrix 

yai . . . ap+2 

whose 2 X 2-minors cut out P"*^ x pp+i remains 1-generic when restricted 
to F". Now if M|pn wasn't 1-generic, we would have, after some row and 
column operations, a 2 x 2-minor of the form 

det f ^ ] = I ■ a 
\0 a) 

The pullback of this quadric to P(y) is involved in the syzygy s and therefore 
contained in the ideal of X. But this is impossible, since X is irreducible 
and non degenerate. □ 

This suggests the following definition: 

6.3. Definition. The p-th syzygies of rank p+2 are called scrollar syzygies. 
The total space of these syzygies is called the p-th space of scrollar syzygies. 

We can construct special linear syzygies on X from scrollar syzygies by 
intersecting the fibers of the corresponding scroll S with X. For a canonical 
curve we have the following well known fact: 

6.4. Proposition. Let C C P^^-"^ be a non hyperelliptic canonical curve of 
genus g, s G Vp a p-th scrollar syzygy and D = C H f9~P~^ with f9~P~^ = 
V{Ls). Then \D\ is a special linear system with Clifford index cliff (D) < 
g-p-3. 



Proof, see for example [ vBROl ] □ 



6.5. Remark. In |GL84 | Green and Lazarsfeld use linear systems \D\ of 



Clifford index cliff (D) = g — p — 3 to construct geometric p-th. syzygies of 
C. If \D\ is a 5(7— p—i these syzygies are scrollar. 



We can now make a precise statement of the geometric syzygy conjecture 
for general canonical curves. 
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6.6. Conjecture (Generic Geometric Syzygy Conjecture). Let C C P^^-*^ 

he a general canonical curve of genus g. Then all minimal rank syzygies are 
scrollar, and all spaces of scrollar syzygies are non degenerate. 

6.7. Remark. For special canonical curves it is important to consider the 
scheme structure on the space of scrollar syzygies as can be seen in the case 
of a curve of genus 6 with only one gl [|AH81j , p. 174]. 



Also there are geometric p-th-syzygies in the sense of Green and Lazarsfeld 



|GL84] which are not scrollar. These must also be considered in the case of 
special curves. The easiest example of this phenomenon is exhibited by the 
plane quintic curve of genus 6 |vBOO |. 



7. p-TH Syzygies of Rank p + 3 

We now consider syzygies whose rank is slightly larger than the rank of 
scrollar syzygies. In the remainder of this paper we will see, that these 
syzygies imply just enough structure on the minimal free resolution of a 
general K'i surface with even sectional genus, to prove the geometric syzygy 
conjecture for canonical curves on these surfaces. 

We start again by calculating the relevant generic syzygy variety: 

7.1. Proposition. Let L he a (p + 3) -dimensional vector space. Then 

GensyZp(L) ^ G U P^-P-^ c P^ 

where N = (^^'*) — 1, G is the Grassmannian Gr(p-|-4, 2) and the inclusion 
is the Pliicker embedding. 

Proof, r — p — 1 = 2. Therefore 

GensyZp(L) C P(L ® A^L) ^ pP+s+Ct')-! ^ 

Let {li} be a basis of L and {aij} a basis of A^L. By proposition [4.2| 
GensyZp(L) is cut out by the image of 

A^L ^ L^A^L ^ S2{L®A^L) 

li A Ij f\lk I— > h® ttjk — Ij Ojfc + /fc (8) aij hajk — Ij^ik + IkO'ij 

Notice that these quadrics are also generated by the 4 x 4-Pfaffians of the 
skew-symmetric matrix 

/ h ... lp+3\ 



M 



■ (aij) 
\-lp+3 J 



that involve the first row and column. G is cut out by all 4 x 4-Pfaffians of 
M. Therefore 

G C GensyZp(L) 

On the other hand the above Pfaffians also vanish, if /i = ■ • • = Ip^^ = 0. 
This shows 



T,N-p-3 



C Gensyz (L) 
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where p^~P~3 = V{li, . . . , Ip+s)- To prove the proposition we have to show, 
that every point of GensyZp(L) outside of P^"^"^ hes on G. 

Let X be such a point. Since x one hnear form 

of L that doesn't vanish in x. Without restriction we can assume /i(x) ^ 0. 
After the appropriate row and column transformations M(x) has the form 

/ /i(x) ... 0\ 



M{x) 



-li{x) ... 




: : M' 

V J 

with M' = {mij)ij>3 skew symmetric. Now consider the P Pfaffian that 
involves the rows and columns 1,2, i and j: 

P(x) = Pi2ii(x) = li{x)mij 

Since P involves the first row and x is in the generic syzygy scheme, we have 

li{x)mij = P(x) = 0. 

Because /i(x) ^ 0, this implies mij{x) = 0. Consequently M' = and M(x) 
is of rank 2. Therefore x is in G. □ 

7.2. Corollary. Let X C P(y) he a non degenerate irreducible variety, Ix 
generated by quadrics and s € Vp a p-th syzygy of rank p + 3. Then it{X) is 
contained in the Grassmannian G = Gv{p + 4, 2). 

Proof. Let L = be the space of linear forms involved in s. By theorem 



4.4 there exists a linear projection 

TT : F{V) P" C P(L © A^L) 

such that 

7r(X) C 7r(Syz(s)) = P" n GensyZp(L) 

= P" n (G u p^-p-3) 

= (F" n G) u (P" n p^-p-3). 



With P" n P^-P-3 ^ since P" ^z! GensyZp(L) by corollary |45 



Now X is non degenerate and irreducible in ¥(V) and it{X) has therefore 
the same properties in P". Consequently tt{X) C G. □ 

7.3. Definition. The p-th syzygies of rank p + 3 are called Grassmannian 
syzygies. 

8. Syzygies of G 

We will now study the minimal free resolution of the Grassmannian G that 
occurs in the generic syzygy variety of a Grassmannian p-th syzygy. 

Le. let G = Gr(C/, 2) C F(A^C/) be the Grassmannian of 2-dimensional 
quotient spaces of the vector space U with basis {ui, . . . , tip+4}. 
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8.1. Proposition. The equations o/G C P(A^C/) are generated by the 4x4- 
Pfaffians of 

/ ui2 ... ni,p+4\ 

-Ui2 ... M2,p+4 



Mu 



\— '"l,p+4 —U2,p+A 



where the Uij = Ui A Uj are linear forms on h^U* 



Proof. For example |Har92| , Ex. 9.20] 



/ 



□ 



8.2. Proposition. The linear strand of the minimal resolution of G is 
Ig ^ A^U 0{-2) ^ A51C/ » 0(-3) ^ . . . ^ Ap+4,if » 0{-p - 2). 

Proof. The minimal free resolution of an ideal generated by the {2q + 2) x 
{2q + 2)-Pfaffians of a generic skew symmetric matrix M is calculated by 
Jozefiak, Pragacz and Weyman in | JPW81 , Thm 3.14]. 



In our case q = 1 and we are only interested in the linear strand of the 
resolution (/c = 1 in the notation of Jozefiak, Pragacz and Weyman). The 
zth step of the linear strand is then the Schur functor corresponding to a 
Young diagram of the form 



2q-l 



where the total number of squares is equal to 2{i + 1). This proves the 
proposition. □ 

We will now focus our attention on the space Up of p-ih syzygies of G. First 
we describe the syzygies of minimal rank and their spaces of linear forms: 

8.3. Proposition. The scheme of minimal rankp-th syzygies o/G contains 
thep-uple embedding ofW^"^ = ¥{U*) =: Ymin ^ "^{U*). The space of linear 
forms Lu involved in a minimal rank syzygy u (z U is given by 

Lu = uAU C A^U. 

The vector bundle of linear forms L on Ymin is Tf,p+3{—2). 

Proof. Consider the action of GL{p + 4) of the space of p-th syzygies Up = 
^p+4,ipU. Now the rank of a syzygy is invariant under this action and and 
the space of minimal rank syzygies is compact. Therefore it has to contain 
the minimal orbit 

Yrnin = G/P ^ Flag(P° C = 
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Let n be a syzygy in Ymin- Since Ymm is the minimal orbit, we can without 
restriction assume u to be the maximal weight vector 



u = 



p+3 



p+4 



1 ••• 1 



To determine the linear forms involved in u we restrict the map 

from definition to the syzygy above. This gives 

ip\u = ip{u) G Hom(Ap+4^ip-iC/*, A^;/) = Ap+4^ip-iC/ A^f/ 

where 

Ap+4^ipC/ 

is the map induced by the last step in the linear strand of the minimal free 



resolution. Using Young diagrams as in |Ful97] we get: 



99: 



p-i 



p+3 



p+4 



1 1 



p+3 



p+4 



± ••• ± 



p+4 



Consequently the linear forms involved in u are 

Lu = lmLp{u) = { 



1 



p+4 



1 



) = (ui A . . . , ui A U2) = u AU 



as claimed. 



We will now determine the vector bundle of linear forms C on Ymm- For 
this notice, that the above description of the fibers L„ of C exhibits C as 
the image of the map 

U ® C'pp+3(-l) ^ A^U ® Opp+3. 



which is part of a Koszul complex and factors over 7ipp+i(— 2): 
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C'pp+3(— 2) 



AU 



AU 



A^U (g) Opp+3 A^U O Opp+3(l) 



7jpp+3(— 2) 



This completes the proof of the proposition. 



□ 



8.4. Corollary. G has no scrollar p-th syzygies. 

Proof. The proposition above shows p-th syzygies have rank greater or equal 
to rank7]pp+3 = p + 3. Scrollar p-th syzygies would have rank p + 2. □ 

Next we will determine the syzygy varieties of the minimal rank syzygies: 

8.5. Proposition. Let s € Ymin be a minimal rank syzygy. Then 



Syz(s) = G U P- 



JV-p-3 



c 



where p ^ = V{Ls) is cut out by the linear forms involved in s. 



Proof. The space Up of p-th syzygies of G is isomorphic to Ap^^^ipU by 
proposition |8.2| . Furthermore lemma exhibits Up as a subspace of 
AP{A^U) ® {Ig)2: 



p+4, < 



(Ax.U (B ■ ■ ■ e Ax„U) 



where the A^^ are the irreducible representations of A^"*"^ ( A^ J7) . We will 
now show, that Up is contained in only one A;^. (8) A4. 

To do this, observe, that there are only two ways of coloring 4 squares 
of Ap+4^ip which are compatible with the Littlewood-Richardson rule for 
Aa, «) A4: 

p p-i 



p \ 



and 
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Since the summands of A*'(A^C/) have at most p squares in each row, only 
the second possibihty can occur, i.e 

p-i 



C 



By lemma 3^ the syzygy scheme Syz(s) is cut out by the quadrics involved 
in the image of s under the above inclusion. Without loss of generality we 
can assume s to be the maximal weight vector 



P+i 



p+2 



p+3 



p+4 



1 1 



p-1 



1 


1 




1 


2 






P+i 



P+2 



p+3 



p+4, 



p^l 



±...± 



p+4 



Consequently the syzygy scheme Syz(s) of s is cut out by the 4 x 4-Pfaffians 
that involve the first row and column of M. The same argument as in the 



proof of proposition shows 



■u: 



i>7V-p-3 



Syz(s) 



□ 



If s G C/p is any p-th syzygy, the syzygy scheme might be more complicated, 
but its ideal still contains certain special quadrics: 

8.6. Definition. A quadric Q is called a generalized 4 x 4-Pfaffian of a 
skew symmetric matrix M, if there exists an invertible matrix B such that 
Q is a 4 X 4-Pfaffian of B^MB. 



8.7. Remark. In our case the generalized 4 x 4-Pfaffians of Mjj are the 
decomposable elements in (Ig)2 = A4C/. 

8.8. Lemma. Let s & Up a p-th syzygy of G. Then the ideal of Syz(s) 
contains a generalized 4x4 Pfaffian. 
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Proof. Recall the inclusion 



p+i < 



p-i 



C 



from the last proof. For simplicity we will call the first Young diagram a big 
hook and the second one a small hook. The third one we will call a line. 

Now Up has a basis {s^} enumerated by big hooks of the form 



S/3 



p+3 



p+4 



The image of such a big hook sp under the above map is a sum of tensor 
products of small hooks and lines, where each product contains the same 
entries as s^. Notice that the small hook d of maximal weight can therefore 
only occur in the image of the the following big hooks: 



si 



1 


I ■■■ I I 


2 






P+i 


p+2 


p+3 


p+4 



p-1 



p+1 



p+2 



p+3 



p+4 



d 



Let now s = ^ /^'a-sa be any p-th syzygy of G, i.e a linear combination of 
big hooks. Then the image of s can be written as da (8) Qa with {da} a 
basis of Ap_|_i j^p-iJ7 enumerated by small hooks. By the argument above the 
small hook d of maximal weight occurs with a quadric Q of the form 



p+2 



p+3 
p+4 



X lll{ui A Up+2 A A = W"/) ^P+2 A «p+3 A 



Consequently Q is either zero or a generalized 4 x 4-Pfaffian. 
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We will now check, that we can assume Q ^ 0. For this consider the 
minimal orbit G/P of Gh{p + 4) in the space h.p_^i ip-\U of small hooks. 
Since this representation is irreducible, G/P is non degenerate. We can 
therefore choose a basis {dj} of this space consisting only of points in the 
minimal orbit. Now write the image of s in this basis: 

s 1-^ dj ® Qj 
j 

Since s ^ 0, there is at least one Qj ^ 0. Since the corresponding dj is in 
the minimal orbit of GL(p) we can after a coordinate change of U assume it 
to be the maximal weight vector d above. Applying the above argument to 
the transformed Qj ^ shows that Qj is a generalized 4 x 4-Pfaffian. □ 

8.9. Remark. The argument above even shows, that the ideal of Syz(s) is 
generated by generalized Pfaffians. 



9. Linear sections of G 



Let X C ¥(y) be a non degenerate irreducible variety, s € a Grassman- 
nian syzygy and 

vr: F{V) P*" C F{A'^U) 
the induced projection with 

tt{x) cP"nG. 

In this situation we have a natural map from p-th syzygies of G to p-th 
syzygies of X 

Op-. H^{F{A^U),nP{p + 2)®lG) ^ H^{F{V),nP{p + 2)®Ix) 

given by restriction of the corresponding twisted p-forms to P" and pulling 
them back to P(y). If a syzygy s is not in the kernel of Op we say "s survives 
the restriction to X" . 

In this section we want to prove that is injective, i.e. that all p-th syzygies 
of G survive the restriction to X. 

The first step is 

9.1. Proposition. All minimal rank syzygies u € Ymin survive the restric- 
tion to X. 



Proof. By theorem 4.4 there exist a generic p-th. syzygy Ugen 



^ Ym,in of 



with 



and 



GensyZp(L,) = GUP, 
Ps = V{Ls) 



S = TT [Ugen}- 

Consequently Ug^n survives the restriction to X. Furthermore we have Lg 
^ugen^ i.p. no linear form in Lug^„ vanishes on P". 
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Suppose u G Ymin is a minimal rank syzygy that doesn't survive the restric- 
tion to X, i.e. 

C Syz(n) = G U P„ 

where = V{Lu). Now P" ^ G so we must have P" C P^. In particular all 
linear forms in must vanish on P". But this is impossible, since u A Ugen 
is a linear form in and Lug^„ that doesn't vanish on P" by the above 
argument. □ 

To extend this result to arbitrary p-th syzygies, we need 

9.2. Proposition. Let X be an irreducible variety as above. Then all gen- 
eralized Pfaffians of Mu survive the restriction to X 

Proof. Suppose P is a generalized Pfaffian that doesn't survive the restric- 
tion to X, i.e. P" C V{P). Without loss of generality we can assume 

/ Ui2 Ui3 Ui4\ 

-Ui2 -0.23 U24 

-Ui3 -U23 U34 

\-Ui4, -U24 -M34 J 

First of all we will prove that P" C V{P) implies that the restriction of 
-^1234 to P" can, after a suitable coordinate change, be written in the form 

/O *\ 

* * 

* * 

* >i< >i< 



P = ui A U2 /\ U3 A U4 = pfaff (M1234) = pfaff 



12341 



0/ 

V{ui2, . . . , U34) of V{P) and project 



To see this consider the vertex P^ 
from there: 

(p: F{A^U) 

The image of V{P) is the Grassmannian Gr(2,4). Gr(2,4) is also cut out 
by the Pfaffian P. Now P" C V{P) so either P" C 

/O 0\ 

-^1234 |P" = 



and 





\0 0/ 

or (/)(P") C Gr(2,4). Since Gr(2,4) is a quadric of dimension 4, dim (piF"^) < 
2 |Gk78| , p. 735]. 

If (/)(P") = P° is a point in Gr(2, 4), Mi234|po is a matrix of rank 2. Therefore 
after a suitable coordinate change we have 

/O 0\ 

M .0 

Mi234|P"- * 

yO * 0/ 

If cf){¥^) = P^ is a line in Gr(2,4), then this line is a Schubert-cycle 

= {le Gr(2,4) \poelC Hq} 



GEOMETRIC SYZYGIES OF CANONICAL CURVES 



21 



with pq G an point and i^o C P'^ a hyperplane [ GH78| , p. 757]. Conse- 
quently 






















* 











* 




* 


* 


0/ 



1234 |P" 



after a suitable coordinate change. 

If (/)(P") = lies in Gr(2,4), then there are two possibilities. Firstly 

= {l£ Gr(2,4) |/ C Ho} 
with Hq C P^ a hyperplane, and 



1234 1 



















* 


* 





* 





* 




* 


* 


0/ 



or 



{/eGr(2,4)|poG/} 



with po £ P^ a point, and 






















* 











* 


v* 


* 


* 


0/ 



1234 |P" 



This proves out claim about the shape of Mi234|pn. For the whole matrix 
Mjj we have therefore, after a coordinate change 

/O * .. 





A 



V* / 

Now the linear forms in the first row of Mu are the linear forms of for a 
particular u € Ymin- During the restriction to X at least two of these linear 
forms vanish because of the shape of Mulfn. Therefore 

rankn|x <p + 3 — 2=p+l. 



But this is impossible for irreducible X by corollary |5^ 
P" V{P) for all generahzed Pfaffians P of Mu- 



Consequently 
□ 



9.3. Corollary. If X is irreducible, then the restriction Op of p-th syzygies 
of G to p-th syzygies of X is injective. 



Proof. Let s E Vp he a p-th syzygy of G. By lemma 8^ the ideal of Syz(s) 
contains at least one generalized Pfaffian P of Mfj. Since P survives the 
restriction to X by proposition p.2| , Syz(s) cannot contain P". Consequently 
s also survives the restriction. □ 
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Finally we will describe which syzygies u G Ymin of G drop rank during the 
restriction to X. For this let P-*- C P(A^C/*) be the orthogonal space of 
and G* = Gr(C/*,2) the dual Grassmannian. 

9.4. Lemma. Let 

n G G* n P^ 

be a decomposable linear form in P-*-. 

Then all syzygies in the line of Ymin — ^(U*) corresponding to u = u' A u" 
drop rank when restricted to X . 

Proof. Consider a syzygy s G Ymin, and its space of linear forms Lg C 

When we restrict s to P" all linear forms / in P"*" fl Lg vanish. So all syzygies 
whose space of linear forms Lg intersects P"*- drop rank when restricted to 
X. 

In our case consider the line spanned by the minimal rank syzygies u' and 
u" in Yfnin = P(C/*). The space of linear forms of a syzygy Xu' + ^u" on this 
line is 

L\:^, = (An' + fiu") A U 

and therefore contains u = u' A u" C P"*" . Consequently all syzygies on this 
line drop rank during restriction. □ 

10. Syzygies of S 

Let S C P^ be a A'3-Surface whose Picard group is generated by 0{C) where 
C is a smooth curve of even genus g = 2k. 

We first prove some standard facts about S: 

10.1. Lemma. The ideal of S contains no rank 4 quadric. 

Proof. Suppose Q is a rank 4 quadric with S C Q. Then the rulings of Q cut 
out two linear series |Ci| and IC2I with |Ci + C2I = |C|. This is impossible, 
since the Picard group of 5 is generated by |C|. □ 

10.2. Corollary. S has no scrollar syzygies. 

Proof. By corollary |6.2| a scrollar syzygy implies the existence of a scroll 
S containing S. These scrolls are cut out by rank 4 quadrics. Since S is 
contained in no rank 4 quadric this is impossible. □ 

10.3. Corollary. S has a Grassmannian (k — 2)-nd syzygy 

Proof. Consider a general hyperplane section C fl P^"^ with P9~^ = V{1). 
Since S is arithmetically Cohen Macaulay, the restriction maps 

Op: H\¥9, nP{p + 2) Is) ^ H%¥S-\ nP{p + 2)0 Ic) 

are isomorphisms by [ |Gre84a) , Thm 3.b.7]. 
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Let s be a p-th. syzygy of S and 

the map from definition |2.2| , where Vp-i is the space of (p— l)-st syzygies of 
5, and ¥(y) = F^. Then Im((^(s)) = L^. Restriction to C gives the diagram 

Vp-i 5^ Y 

Olp-l 

I^{Qp(s)) 

Vp-1 ^ V' 

where ¥{V') = P^^""^, and t* is the natural projection induced by the inclusion 

The kernel of t* is generated by I. The space of linear forms involved in 
ap{s) is therefore 

Lapis) = Im((^(ap(s)) = i*{lm{ip{s)) = l*Ls 

In particular we have 

J rank s — 1 if / G 
1 rank s if / 



rankap(s) 



Now C has at least finitely many gl^i's which induce scrollar {k — 2)-nd 
syzygies by the construction of Green and Lazarsfeld [GL84|. 



By prop 10.2 these cannot come from scrollar syzygies of S, so they have to 
come from syzygies with higher rank. Since the difference in rank can be at 
most 1 by the above argument these syzygies are Grassmannian. □ 

Consider now such a Grassmannian {k — 2)-nd syzygy of S. It induces a 
linear projection 

vr: P^ --4 P" C P^ 

with N = (''+2) - 1 and 

7r{S) C G = Gr(A: + 2,2) C P^. 

We even have 

10.4. Proposition, tt is an embedding, i.e. P^ = P" via tt. 

Proof. Consider the orthogonal space P"*- of P" and the dual Grassmannian 
G* = Gr(2, A; + 2). Since S has no scrollar syzygies, P"*- does not intersect 
G* by proposition |9.4|. 



Now dimG* = 2k = g, and consequently 

1 + dimP" = codimP-L > dimG* + 1 = g + 1. 
Since tt is surjective on P" this proves the proposition. □ 
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10.5. Remark. Notice that this is the embedding constructed by Mukai 



in |Muk89| with vector bundle methods. His rank 2 vector bundle E is the 
restriction of the universal quotient bundle Q on G to = vr(S') C G. 

Notice also that our construction also gives an algorithm to determine vr ex- 
plicitly from a Grassmannian syzygy s by lifting (p{s) to a map of complexes 



as in theorem 4.4. 



Using the theorem of Voisin we can now describe the {k — 2)-nd syzygies of 
S geometrically: 

10.6. Proposition. The space of minimal rank syzygies of S contains a 
{k — 2)-uple embedded F^'^'^. Further more the space of all {k — 2)-nd syzygies 
of S is isomorphic to the ambient space of this embedding. 

Proof. Let Uk~2 be the space of {k — 2)-nd syzygies of G = Gr(C/, 2) and 
Vk-2 the corresponding space of {k — 2)-nd syzygies of S. 

By the corollary |9.3| the map 

ak-2 ■ Vk-2 
induced by restriction of syzygies is injective. Consequently 

dimVfe_2 > dim[/fc_2 = dim A;j_,_2 i^- = dimS^~'^U ■ 



2k - 1 
k-2 



On the other hand, the Hilbert function of S gives: 

dimVp-Pp,p+2 = ip + l)(^~'^}\ -{g-p + 2)( ^"^ 

\p+2J \g-p-l 

(see for example [|Sch91| ). In our case p = k — 2, g = 2k and /3p,p+2 = by 
Voisin's theorem. Consequently 

, /2k - 2\ /2k - 2\ /2k - 1\ /2k - 1 
dimT4_2 = (A:-l) , ]-k' 



k J \k+l J \k+l J \k-2 
and Vk-2 = Uk-2- 

Since P"*" doesn't intersect G* all syzygies in 

y™„ ^ ^^^^ mu) 

remain of rank k + \ during restriction. They also remain minimal, since S 



has no scrollar {k — 2)-nd syzygies of rank k by corollary 10.2 . □ 

11. Syzygies of C 
Now consider a general linear section 

During this further restriction some syzygies drop rank and become scrollar 
syzygies: 

11.1. Proposition. The scrollar (k — 2)-nd syzygies of C from a configu- 
ration of ( ^ ) lines in that are embedded in the space of {k — 2)-nd 
syzygies of C as rational normal curves of degree {k — 2) on a {k — 2)-uple 
embedding o/P'^+-'^. 
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Proof. Since C is a general linear section of S, their spaces of syzygies are 
isomorphic. We now determine which syzygies do drop rank. With lemma 



9.4| we find some of these, when the orthogonal space of ^ intersects 



P^ contains the orthogonal space P^ of P^. Since P^ doesn't intersect G*, 
P^ can only intersect in finitely many points. On the other hand dimG* = 
2k = g = codimP^ so this is also the expected intersection dimension. 
Consequently the number r of intersection points is equal to the degree of 



G*. A formula for the degree of Grassmannians can be found in |Har92, p. 
247]: 

. = degG* = (2^)!n = ^j,;^ = ^( J 

Now each point of the intersection corresponds to a line of scrollar syzygies 
in P^+i = P([/*). This gives our configuration of lines. 

To prove these are all scrollar syzygies of C, recall that the syzygy variety of 
a scrollar (/c — 2)-nd syzygy is a scroll S whose fibers cut out linear equivalent 
divisors. These divisors are part of a linear system with Cliff^ord index 

cliff (D) >g-{k-2)-3 = k-l 

by proposition |6.4|. 



Since C is general in the sense of Brill-Noether-Theory by |Laz8(:], the only 
linear systems on C with Clifford index k — 1 are the 5^^^'s. In other words: 
all scrollar {k — 2)-nd syzygies of C come from g^^-^^s. 

Now each gl^i induces a P^ of scrollar {k — 2)-nd syzygies. See for example 



|vBR01, Lem 2.2.8] for a proof of this elementary fact. 

A formula for the number of g^^iS in W^_^_i{C) for a Brill-Noether-general 
curve C is given in [ |ACGH85| , p. 211]: 

1 1-1 
degTyi+i = 5! n 7 = n TTX^ = d^g^* 

So there are no scrollar (k — 2)-nd syzygies of C except the ones in the 
configuration above. □ 

We now deduce the desired special case of the geometric syzygy conjecture 

11.2. Theorem. Let C be a general hyperplane section of a K3 surface S 
whose Picard group is generated by C . Then the space of {k — 2)-nd scrollar 
syzygies of C is non degenerate. 

Proof. Let Z the configuration of lines in p'^+i that correspond to scrollar 
syzygies by the previous proposition. The {k — 2)-uple embedding of P*=+^ 
is 

with A'" = (^^^2) ~ 1- We have to show, that i{Z) spans P'^. 
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For this notice that Z is the locus of syzygies s where the dimension of 
the space of hnear forms Lg is k. Z can therefore be described by the 
determinantal locus where the composition map of vector bundles 

/3 : £ ^ (g) 0pA:+i ^ F' (g) O^u+i 

drops rank. Here V denotes the space of linear forms on P^-i ^nd L = 
7J»fe+i(— 2) the vector bundle of linear forms on Ymin — P'^'*'^. Notice that P 
drops rank in expected dimension 

dimP''+^ - (rank/: - k){dimV' -k) = k + l-{k + l- k){2k - k) = I 

Therefore the ideal of the degeneracy locus Z is resolved by the Eagon- 
Northcott complex 

To show that i{Z) is non degenerate in we have to prove 

^°(/z/P*+i(fe-2)) =0 

since l is the {k — 2)-uple embedding of P'^+-'^. 

This follows if the cohomology groups 

H\h^+^C (g) S^C ® 0{k - 2)) 

vanish forO<z<fc + l,0<j<A; — 1 and < i < k,j = k — 1. We will 
prove this in the next section. □ 

12. Cohomology of S'^C{-j) 

We well calculate the cohomology of the needed homogeneous bundles on 
P'^"'"^ using the theorem of Bott. We start by fixing some notation. 

Let G = GL{k + 2) and P C G the parabolic subgroup with elements of the 
form 



* 


* 


... *\ 














* 



Then G/P = P'^^^. Let H C P C G he the subgroup of diagonal matrices, 
Hi := Ei^i the natural basis of H and {L,} the dual basis of H*. Then the 
Li span the weight lattice of G. The positive roots of G are — Lj with 
k + 2>i>j>l and the fundamental weights are Ui = Yl}=i ^j- 

If /? is a representation of P, it induces a vector bundle Ep on P'=+^ with P 
acting on the fibers of Ep via p. Sometimes wc write 

Ep = E{\) = E{\i, . . . , Afe+2) 

with A = AiLi + • • • + Afe+2-^fe+2 the maximal weight vector of p. 

Often it is sufficient to consider the semisimple part Sp of P: 



GEOMETRIC SYZYGIES OF CANONICAL CURVES 



27 



12.1. Theorem (Classification of irreducible bundles over G/P). Let 
P(S) G G be a parabolic subgroup and uJi, . . . ,uJk the fundamental weights 
corresponding to the subset of simple roots S C A. Then all irreducible 
representations of P{T,) are 

V®Ll\®...®Lll 

where V is a representation of Sp and Ui € Z. L^^- are the one dimensional 
representations of Sp induced by the fundamental weights. 

The weight lattice of Sp is embedded in the weight lattice of G. If X is 
the highest weight of V, we will call A + ^ riiWi the highest weight of the 
irreducible representation of above. 



Proof. |Ott95, Proposition 10.9 and remark 10.10] □ 



In our case the semisimple part Sp of P is GL(1) x GL(fc + 1). Notice that 
the weight lattice of GL(1) x GL(A; + 1) is embedded in the weight lattice 
of GL{k + 2). In particular Li belongs to GL(1) and {L2, . . . , belongs 
to GL(A; + 1). 

12.2. Remark. We have 0(1) = ^(1,0, ...,0) since GL(1) acts on the 
fibers of 0(1) in the standard way. In particular this representation has 
maximal weight vector Li. Similarity we have ^2^(1) = -^(0, 1, 0, ... 0) since 
GL(/c + 1) acts the fibers of ^^"'^(1) with maximal weight vector L2. Conse- 
quently 

£ = Tp.+i (-2) = [n\2)] * = Eil, 1,0,..., oy 

With this we are ready to use 

12.3. Theorem (Bott). Consider the homogeneous vector bundle E(X) on 
X = G/P and 5 the sum of fundamental weights of G. Then 

• H^{X, E{X)) vanishes for all i if there is a root a with (a, S + X) = 

• Let io be the number of positive roots a with {a, 5 + A) < 0. Then 
W{X,E{X)) vanishes for i ^ io and W{X,E{X)) = Pu,{5+x)-5 

where (., .) denotes the Killing form on i}* , w{6 + X) is the unique element of 
the fundamental Weyl chamber which is congruent to 5 + X under the action 
of the Weyl group, and pyj(^s+\)-5 is the corresponding representation of G. 



Proof. |Ott95|, Theorem 11.4] □ 



12.4. Corollary. The cohomology groups 

H^h^^^ C ® S^ C ® 0{k - 2)) 

vanish 

(a) for all i ifO<j<k — 2 and 

(b) for all i ^ k if j = k — 1. 
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Proof. First of all we have 

^ Afe+ij^i(2) = wpfe+i(2fc + 2) = 0{k) 

and therefore 

A^+^C ® 0{k - 2) = 0{-2) = E{-2, 0, . . . , 0). 
Similarity we get 

= {S^E{l,l,0,...,0)y 
= E{j,j,0,...,0)* 
= E{-j, 0,...,0, -j). 

Consequently 

A*^+^£ S^C ® 0{k - 2) = E{-j - 2, 0, . . . , 0, -j) =: E{X) 
Now the sum 6 of the fundamental weights of GL(A; + 2) is 

S = {k + 2)Li + • • • + Lfe+2 = (A; + 2, A; + 1, . . . , 2, 1) 

so 

X + S = {k- j,k + l,.. .,2,1- j). 

If < j < A; — 2 then a = Li — ^+3 is a positive root with (a, A + (5) = 0. 
Therefore, by the theorem of Bott, all cohomology groups vanish in this 
case. This proves (a). 

If J = A; — 1 we have 

A + 5= (1,A;+ 1,...,2,-A:) 

and {a,\ + S) < for a = Li — Li with 2 < ^ < + 1. All other positive 
roots a satisfy {a,X + S) > 0. Consequently 

W{k^^^C ® S^C ® 0{k - 2)) 

vanishes for z 7^ A; by the theorem of Bott. This proves (b). □ 
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